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PsJ ■ Abstract 

^ ' We consider the problem of minimizing resources required for universal quantum compu- 

tation using only projective measurements. The resources we focus on are observables, which 
describe projective measurements, and ancillary qubits. We show that the set of observables 
00 , {Z ® X, {cos9)X + (sin6')F all 9 G [0, 27r)} with one ancillary qubit is universal for quantum 

computation. The set is simpler than a previous one in the sense that one-qubit projective 
(— I , measurements described by the observables in the set are ones only in the (X, Y) plane of the 

pi i' Bloch sphere. The proof of the universality immediately implies a simple set of observables that 

is approximately universal for quantum computation. Moreover, the proof implies a simple set 
C ■ of observables for preparing graph states efficiently. 

^ . 

1 Introduction 



in 



In 2001, Raussendorf and Briegel proposed a new model for quantum computation, which is called 
cluster state computation [1]. Later, in 2003, based on the idea of Gottesman and Chuang [2], 



■rj" , Nielsen proposed a new model, which is called teleportation-based quantum computation [3]. In 

' contrast to conventional models, such as the quantum circuit model [1], these new models use only 

projective measurements for universal quantum computation and thus suggest a new way of real- 
(<~^ . izing a quantum computer. Minimizing the resources required for universal quantum computation 

I is important for realizing a quantum computer based on these new models. 

We consider the problem under the assumption that, as in the teleportation-based quantum 
computation and its simplified version [5l|6], we can use only projective measurements and do not 
^ , have initial cluster states. The resources we focus on are observables, which describe projective 

^ I measurements, and ancillary qubits. There have been many studies in this direction [SJ EJ [71 El [9] . 

In particular, in 2005, Jorrand and Perdrix showed that the set of observables 

{Z (g) X, Z, (cos e)X + (sin e)Y all 9 G [0, 27r)} 

with one ancillary qubit is universal for quantum computation [8], where X, Y, and Z are Pauli 
matrices. It has not been known whether a simpler universal set of observables can be constructed 
without increasing the number of ancillary qubits. 
In this paper, we show that the set of observables 

Si = {Z(g X, (cos e)X + (sin e)Y all 6 G [0, 27r)} 

with one ancillary qubit is universal for quantum computation. The set is simpler than Jorrand 
and Perdrix's [8j in the sense that one-qubit projective measurements described by the observables 
in Si are ones only in the {X, Y) plane of the Bloch sphere. In the proof of the universality, the key 
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idea is to use y-measurements appropriately in place of other one-qubit projective measurements, 
such as X- and Z- measurements. In contrast to Jorrand and Perdrix's proof {8], our proof connects 
a simple universal set of observables with a simple approximate universal one. More precisely, our 
proof immediately implies the best known result for the approximate universality by Perdrix [9] 
that a set of two one-qubit observables and one two-qubit observable with one ancillary qubit is 
approximately universal for quantum computation. For example, our proof immediately implies 
that the set of observables 

52 = {Z®X,Y,{X + Y)/V2} 

with one ancillary qubit is approximately universal for quantum computation. 

We also consider the problem of minimizing the resources required for preparing graph states 
efficiently. It is important to investigate this problem since graph states play a key role in quantum 
information processing ^lOj. In 2006, H0yer et al. showed that, for any graph G = {V,E), some 
signed graph state \G) can be prepared by a quantum circuit consisting of one-qubit and two-qubit 
projective measurements with size 0(|y| + depth 0(|ii^|), and one ancillary qubit [H]. The 
circuit uses the set of observables in [5]. Even if its improved version in [9| is used in the circuit, 
two one-qubit observables and one two-qubit observable are required. 

Using the proof of the universality of Si , we show that the set of observables 

S^ = {Z®X,Y} 

with one ancillary qubit is sufficient for preparing graph states efficiently. More precisely, we show 
that, for any graph G = {y,E), the (exact) graph state \G) can be prepared by a quantum circuit 
consisting of one-qubit and two-qubit projective measurements described by the observables in S-^ 
with size and depth 0(|T^| + l-E"]) and one ancillary qubit. The depth is 0(|-E|) for the graphs in 
which we are interested. Though the usual method for preparing graph states performs controlled- 
Z operations repeatedly, it is difficult to do so since ^3 has only Z ® X and Y . The key idea is to 
perform operations similar to controlled-Z operations and to remove the side effects of the similar 
operations by using y-measurements. 

2 Preliminaries 

2.1 Simulation of a unitary operation by measurements 

Frequently used observables are Pauli matrices X,Y , and Z defined by 




respectively. They describe the one-qubit projective measurements in the basis {|+o);|— 0)}) 
{! + -), |-|)}, and {|0), |1)}, respectively, where 

|0) + e-^|l) |0)-e'^|l) 

for any 9 € [0, 27r). Each basis corresponds to the classical outcomes 1 and —1, respectively. We 
denote |ibo) as |ib). Pauli matrices also denote unitary operations and we use dx, (Jy, and cr^ in 
the case. In general, the observable {cos9)X + (sin6')y for any 9 G [0, 27r) describes the one-qubit 
projective measurement in the basis {l+e), |— e)}; where the corresponding classical outcomes are 
1 and —1, respectively. This is a projective measurement in the {X^Y) plane of the Bloch sphere. 
We also consider two-qubit observables such as Z ® X, where ® denotes the tensor product. The 
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Figure 1: The state transfer based on y-measurements. 



projective measurement described hy Z X has only two possible classical outcomes 1 and —1. It 
consists of two projections: one is on the space spanned by |0)|+) and |1)|— ) and the other is on 
the space spanned by |0)|— ) and 

Let 5 be a set of observables and U he a. unitary operation. The simulation of U by using 
projective measurements described by the observables in S is decomposed into the following steps 

m- 

1. Simulation step: all is probabilistically implemented by using projective measurements de- 
scribed by the observables in S, where a is ax, ay, az, or an identity operation / when U is 
on one qubit, and is known by the classical outcomes of the measurements. When U is on 
multiple qubits, a is allowed to be a tensor product of these operations. 

2. Correction step: If aU is implemented in the simulation step where a ^ I, a is implemented 
by using projective measurements described by the observables in S to obtain aall = U. 



2.2 Universality of a set of observables 



In the quantum circuit model, a set of gates is said to be universal for quantum computation if 
any unitary operation can be implemented exactly by a quantum circuit consisting only of gates 
in the set. The approximate universality of a set of gates is defined similarly [4J. It is known that 
the set of all one-qubit gates and controlled-Z gate AZ are universal for quantum computation [12j 
and that the set of Hadamard gate H, tt/S gate Z(7r/4), and AZ are approximately universal for 
quantum computation [13], where H, Z{6), and AZ are defined by 
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respectively, for any 9 G [0, 27r). Moreover, it is known that J {9) = HZ {6) generates any one- 
qubit gate [H [H]. A set of observables S is said to be universal (resp. approximately universal) 
for quantum computation if there exists a universal (resp. approximately universal) set of gates 
such that any gate (that is, unitary operation) in the set can be simulated by using projective 
measurements described by the observables in S. 



3 Our Universal Set of Observables 

The simulation step of J{9) in [8] is based on the state transfer, which is a simplified version of 
quantum teleportation and uses X- and Z(8) Z-measurements. For example, it implies a simulation 
step of J(0) = H using Z-, X-, and Z (g) X-measurements. To simplify this, our idea is to use 
the state transfer based on y-measurements depicted in Fig. [H which transfers the input state 
\^p) from qubit 1 to qubit 2 (up to Pauli operations). As in this implies a simulation step 
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Figure 2: The simulation step of J{0). 



of a unitary operation using projective measurements depending on the operation. For example, 
we can obtain a simulation step of H by replacing —Y and Z ® Z with H{—Y)H'^ = Y and 
Z (S> (HZH^) = Z X, respectively. The simulation step is simpler than the previous one since it 
uses only Y- and Z X-measurements. 

On the basis of the idea, we show the following theorem: 

Theorem 1 The set of observables 

Si = {Z(S)X, (cos e)X + (sin e)Y all 9 G [0, 2^)} 

with one ancillary qubit is universal for quantum computation. 

Proof. The set of gates 

{{P^^ HP-^)KZ{I H), J{9) all 6 e [0, 2n)} 

is universal for quantum computation, where P = Z[7r/2) (and thus P^^ = ctzP). This is because 
J{6) generates any one-qubit gate and {AZ,J{9) all 9 G [0,27r)} is universal for quantum com- 
putation [51 dl]. Thus, to show the theorem, it suffices to simulate any gate in the above set by 
projective measurements described by the observables in Si. 

To give the simulation step of J (9), we consider the procedure depicted in Fig. [2l which is 
obtained by replacing -Y, Z®Z, and Y in Fig. Ewith H{-Y)H^ = Y, {Z{e)^ ZZ{9))®{HZH^) = 
Z ®X, and Z{e)^YZ{9) = cos(7r/2 - e)X + sin(7r/2 - e)Y , respectively. Let \lp) = a|0) + 
and si,S2)'S3 G {1,-1} be the classical outcomes of the measurements Z'^^'* X'^'^\ and 

(cos(7r/2 — 9)X + sin(7r/2 — 6)Y)^^^ , respectively. The first measurement transforms the input state 
into 

(/®a,^)(a|0)+^|l))| + |). 
The second measurement transforms the state into 

{ar^ ® a7^){am+) - i/3|l>|-». 
The third measurement transforms it into 

1 — S3 I — S2 1 + ^2 ■^3 

{a—(^a—cj,. ' )|+|_e)(a|+>+e''/3|-», 

which is the desired output state since J{9)\ip) = a|+) + e*^/3|— ). Thus, the procedure depicted in 
Fig. [2] is a simulation step of J(^), where cr = I, ax, cr^, or azCx (= CTy up to a global phase). It 
can be shown that each a occurs with the same probability, 1/4. 

To give the simulation step of {P~^ HP~^)AZ{I (gi H), we consider the procedure depicted 
in Fig. El Let \(f) = a\00) + /3|01) +7IIO) + 6\11) and 51,52,53,54 e {1,-1} be the classical 
outcomes of the measurements Y^^^ (the left one), 

^(1) (g, (g, and F^^) (^he right 

one), respectively. The first measurement transforms the input state into 

(/0/®cjr^)(a|OO) +/3|01) + 7|10) +5|11))| + |). 
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Figure 3: The simulation step oiU = {P^^ (g) HP-^)AZ{I (g) H). 



The second measurement transforms the state into 



(a, ' ®I®<J-.^ )(a|0)|0)|+)+/3|0)|l)|+)-z7|l)|0)|-)-i<5|l)|l)|-)). 
The third measurement transforms the state into 
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The fourth measurement transforms it into 
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which is the desired output state since 



{P-^ ®HP-^)KZ{I®H)\^) = a|0) 
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Thus, the procedure depicted in Fig. [3] is a simulation step of (P ^ (gi HP ^)AZ(/ (g) H), where 
a = I ^I, If^dx, (Tz®I,oxaz®CTx- It can be shown that each a occurs with the same probability, 
1/4. 

To implement ax, we consider the procedure depicted in Fig. HI Let \lp) = a|0) + /3|1) and 
•si, S2, S3 £ {1, —1} be the classical outcomes of the measurements y*^^^ (the left one), X'^^) (g Z'^'^\ 
and y^^) (the right one), respectively. The first measurement transforms the input state into 

(/®^,^)(a|0)+/3|l))| + .). 
The second measurement transforms the state into 

(/®a.^a,^)-^((a|0)+/3|l))| + 5) + (a|l) + /3|0))|-|)). 
The third measurement transforms the state into 



az^ )(a|0)+/3|l))| + .) 
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Figure 4: The implementation of in the correction step. 
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Figure 5: The implementation of cr^ in the correction step. 

It can be shown that (Jx is implemented with the probability 1/2. 

To implement o"^, we consider the procedure depicted in Fig. [5l Let \ip) = a|0) + /3|1) and 
•si, S2) S3 G {1, —1} be the classical outcomes of the measurements 1"^^^ (the left one), Z^^) ® X^'^\ 
and y*-^^ (the right one), respectively. The first measurement transforms the input state into 

(/®cT7^)(a|0)+/3|l))| + |). 
The second measurement transforms the state into 
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)(a|0)|+)-i/3|l)|-)). 
The third measurement transforms the state into 



a 



^'')(a|0)+/3|l))| + .) 



It can be shown that az is implemented with the probability 1/2. 

In the correction step, we repeat the procedures until the desired gate {ax or cr^) is implemented 
(as in [9]). The gate ay is implemented by combining the procedures. Thus, any gate in the set 
described at the beginning of the proof can be simulated by projective measurements described by 
the observables in 5i. □ 



The proof of Theorem 1 immediately implies Perdrix's result [9]: 

Theorem 2 The set of observables 

S2 = {Z (g)X,Y,{X + Y)/V2} 

with one ancillary qubit is approximately universal for quantum computation. 

Proof. The set of gates {H , J {it / A) , [P^^ (g) HP^^)AZ{I H)} is approximately universal for 
quantum computation. This is because {H, Z{7r/4),AZ} is approximately universal for quantum 
computation [4til3j, = 7, and {HJ{tt/A))'^ = P. On the basis of the set of gates, it is easy to 
show the theorem since the simulation steps of the gates and the correction steps in the proof of 
Theorem 1 use projective measurements described by the observables only in ^2. □ 



We can also immediately imply other approximately universal sets of observables using other 
approximately universal sets of gates [l5] . 
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Figure 6: The graph G with V = {1,2,3,4} and = {(1, 4), (2, 3), (2, 4), (3, 4)}. 

4 Efficient Graph State Preparation 

Let G = iy, E) be a graph with a set of vertices V = {1, . . . ,n} and a set of edges E (ZV . The 
graph state \G) that corresponds to the graph G is the quantum state obtained by the fohowing 
procedure, where we assume that we have the initial state |0)i • • • \Q)n and cah the A;-th qubit the 
qubit corresponding to the vertex k: 

1. Apply H to the qubit corresponding to the vertex k for any k £ V. 

2. Apply AZ to the pair of qubits corresponding to the vertices ki and k2 for any (ki, k2) G E. 

We call this procedure the standard procedure. For example, the graph state \G) corresponding to 
the graph G depicted in Fig. [6] is obtained by 

AZi4 A^23 A^24 A^34^1 ^^2^3^^4 1 0) 1 1 0) 2 1 0) 3 1 0)4 . 

We consider a quantum circuit for preparing graph states, where the circuit consists only of 
projective measurements. As in the standard quantum circuit model, the complexity measures of a 
quantum circuit are the number of qubits in it and its size and depth jl6]. The size is the number 
of projective measurements and the depth is the number of layers in the circuit, where a layer 
consists of projective measurements that can be performed simultaneously. A quantum circuit can 
use ancillary qubits, which start in state |0). 

We show that the set of observables ^3 = {Z ® X, y} with one ancillary qubit is sufficient 
for preparing graph states efficiently. From the proof of Theorem 1, we can simulate H and 
{P~^ ®HP~^)KZ{I <S)H) using projective measurements described by the observables in 53. Thus, 
we can simulate (P~^(8)P~^)AZ. However, since ^3 has only Z(8>Ar and Y , it is difficult to simulate 
P and thus AZ. This means that it is difficult to use the standard procedure directly. 

Our circuit consists of three steps. In Step 2, we use {P~^ P^^)AZ in place of AZ in Step 
2 of the standard procedure. Since P~^ and AZ commute, this step is equivalent to Step 2 of the 
standard procedure up to local unitary gates generated by P~^. We need to remove the side effects, 
that is, the local unitary gates, to obtain an exact graph state. If the degree of the vertex k (that 
is, the number of edges incident to k) is even, P~^ is applied to the qubit corresponding to the 
vertex k even times and thus the local unitary gate is (P^^)"^ = or = /. Similarly, if the 

degree is odd, the local unitary gate is P~^ or = cr^P^^. 

Our idea of removing the side effects is that, in Step 1 of our circuit, we apply H (or cr^if) to the 
qubit corresponding to a vertex if the degree of the vertex is even and we perform a y-measurement 
on the qubit to prepare | — |) = P~^H\0) (or |+|) = azP^^H\0)) if the degree is odd. Combining 
Step 1 with Step 2 transforms the side effects in Step 2 to only az or /. In Step 3, cr^ is removed if 
needed. For example, our circuit for preparing the graph state \G) corresponding to the graph G 
depicted in Fig. [6] is based on the circuit (in the standard quantum circuit model) depicted in Fig. 
[71 An ancillary qubit is reused to simulate {P~^ (8) P^^)AZ and az- 

On the basis of the idea, we show the following theorem, where we assume that we have a classical 
description of a given graph and can thus use the degree of a vertex to construct a quantum circuit: 
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Figure 7: The quantum circuit for preparing \G) corresponding to the graph G depicted in Fig. [6l 
The gate represented by two sohd circles connected by a hne is AZ. An ancillary qubit is reused 
to simulate (P"-*^ ® P^^)AZ and o"^. 

Theorem 3 For any graph G = {V,E), the graph state \G) can be prepared by a quantum circuit 
consisting of one-qubit and two-qubit projective measurements described by the observables in S3 = 
{Z X, Y} with size and depth 0{n + m) and one ancillary qubit, where n = \ V\ and m = \E\. 

Proof. Let deg(A;) be the degree of the vertex k. We assume that we have the initial state 
|0)i • • • |0)n+i and the (n + l)-th qubit is an ancillary qubit. Our circuit is constructed by us- 
ing the following procedure: 

1. For k = 1, . . . , n: 

• If deg{k) = mod 2, apply the simulation step of H where the qubit corresponding to 
the vertex k is used as an ancillary qubit and the qubit corresponding to the vertex k + 1 
(in state |0)) is used as an input qubit. Let tk be the classical outcome of the Z X- 
measurement in the simulation step. The resulting state of the qubit corresponding to 
the vertex k is -ff |0) if tfc = 1 and azH\Q) otherwise. 

• If deg(A;) = 1 mod 2, perform a y-measurement on the qubit corresponding to the vertex 
k. Let Mfc be the classical outcome of the measurement. The resulting state of the qubit 
is |+|) = cr^P^^FlO) if Ufc = 1 and |-|) = p-^H\Q) otherwise. 

2. Apply ® P-^)AZ as in Step 2 of the standard procedure, where we reuse an ancillary 
qubit. 

3. For k = 1, . . . , n: 

If one of the following conditions holds, apply cj^ to the qubit corresponding to the vertex k, 
where we reuse an ancillary qubit: 

• deg(A;) = mod 4 and tf^ = —1. 

• deg(A;) = 1 mod 4 and = —1. 

• deg(fe) = 2 mod 4 and tk = 1. 

• deg(fe) = 3 mod 4 and Uk = 1- 

From the proof of Theorem 1, the above procedure can be done by using projective measurements 
described by the observables in ^3. It is easy to show that the circuit works correctly and that the 
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size and depth are 0{n + m) and the circuit uses only one ancillary qubit. 



□ 



The depth of our circuit is larger than H0yer et al.'s one. Since the graph states corresponding 
to connected graphs seem to be particularly useful in quantum information processing, we are 

interested in such graphs. For a connected graph, m = Jl(n) and thus the depth of our circuit is 
0{m) in this case, which is asymptotically the same as H0yer et al.'s one. 

5 Conclusions and Future Work 

Wc showed that the set of obscrvables {Z®X, (cos 6')X+ (sin 6)Y all G [0, 27r)} with one ancillary 
qubit is universal. This improves Jorrand and Perdrix's result and the proof immediately implies the 
best known result for the approximate universality by Perdrix. The proof also implies that the set 
of observables {Z^X^Y} with one ancillary qubit is sufficient for preparing graph states efficiently. 
It would be interesting to investigate whether our result can be improved or not. For example, is 
there a set of one one-qubit observable and one two-qubit observable that is approximately universal 
for quantum computation using one ancillary qubit? 
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